Abstract. Assume that the field K is p-rational. We study the freeness of the Λ(G ∞,S )-
Introduction
The cohomology theory gives subtle and deep lying arithmetic laws if we study Galois groups with restricted ramification. In this paper we consider infinite fields with restricted ramification and try to study closely the associated Galois groups. Let K be a field which is of finite or infinite degree over the rationales. If Σ is a set of places of K, then we denote by K Σ the maximal pro-p-extension of K which is unramified outside Σ and let G Σ (K) be its Galois group over K. If K is a number field and p an odd prime number such that Σ contains the set of places of K dividing p, then class field theory shows that the group G Σ (K) ab is isomorphic to Z ρ p × T Σ , where ρ is the Z p -rank and T Σ is the Z p -torsion. Later we will study and consider examples for which ρ = 1 + r 2 and T Sp = 0, such fields are called p-rational [MN] . Moreover, it is known that in this case G Σ (K) is of cohomological dimension at most two. We refer the reader to [NSW] for a complete study of Galois groups with restricted ramification. In the following we consider extensions with restricted ramification of infinite fields such as the cyclotomic Z p of a number field. More precisely, let K be a number field and p an odd prime number. Assume that S is a finite set of non-archimedean places of K and consider the extension K ∞,S where K ∞ is the cyclotomic Z p -extension of K. For S satisfying S ∩ S p = ∅ and N(v) ≡ 1 (mod p) for every places v ∈ S, the group G S (K ∞ ) has been considered by several authors ([Sa1] , [MO] , [It] ,...), its structure is used to study the Galois group G ∞,S := Gal(K ∞,S /K). In the present paper, the Galois groups we study are considered as modules over the complete Iwasawa algebra Λ(G ∞ 
Suppose that X is finitely generated under Λ(G). Suppose that cd(G)
We are consedering fields K which are p-rational in the sense of [MN] , [GJ] , [Gra1] and [Gre] . In particular, a number field K is said to be p-rational if the Galois group G Sp (K) is a free pro-p-group on r 2 + 1 generators. The assumption that K is p-rational with the fact that the number s of places v of K ∞ above places in S is one, gives that G ∞,S is a p-adic analytic group without p-torsion. For the statement of the results, we need some standard notations. Let U v be the p-adic compactification of the group of units of the ring of integers of K v and denote U p = v∈Sp U v there product for the primes above p. If T is a finite set of places of K, let
the local embedding with respect to element of T of E = Z p ⊗ E K the p-adic completion of the group of units of K. Let E T be the kernel of ι T , we denote ι T by ι p when T = S p . Using the above notations we can state the following result: 
Assume that G = G S∪Sp (K) and G = G ∞,S which are pro-p-groups. It is know that the cohomological dimension of G S∪Sp is at most two. Since H is a normal subgroup of G such that
, and G ∞,S is of cohomological dimension at most two (see the proof of theorem 3.1), we can apply theorem 1.1 to these groups where condition (1) of theorem 3.1 gives the injection
We use the reciprocity map in the pro-p-version of global class field theory to control the kernel of the above map ( [J, Theorem 2.3] and [Sa2, Proposition 1.2] ). One remark that Proposition 3.2 gives the equivalence:
As an application of our result we consider the fields of the form Q( √ pq, √ −d), which we suppose to be p-rational, where q is an odd prime number and p > 3. Using pari-GP and the technique described in example 3.5 we numerical examples for such fields.
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Notations Fix a prime number p > 2 and a number field K. We use the following notation:
• µ p denote the set of all pth roots of unity.
• S p = {p ∈ P l K , p/p}.
• S : finite set of primes of K which is disjoint from S p .
• E K denote the unit group of K.
• If Σ is any finite set of places of K, denote by K Σ the maximal pro-p extension of K unramified outside Σ and put
Preliminaries
The results of this paragraph figure in [B] , [NSW] , [Se] , [Ng2] ... Let p be a prime number. Let G be a pro-p-group. Consider the complete Iwasawa algebra
the projective limite with respect to the open normal sub-groups. The compact Z p -algebra is a local ring with maximal ideal m G generated by the augmentation ideal I G and pΛ(G). Let C be the abelian category of compact Λ(G)-modules. In the following all considered modules X lies in the category C. Let recall the crucial Nakayama lemma
Lemma 2.1. A Λ(G)-module X ∈ C is generated by r elements if and only if the
F p -vector space X /m G has dimension r.
Definition 2.2. If X is a free and finitely generated module over Λ(G), then its Λ(G)-rank is the unique integer
2.1. Structure and cohomological dimension of X . Let G be a pro-p-group. We say that G has cohomological dimension cd(G) = n if the group
is not. We have the following useful equivalence for free pro-p-groups:
Proposition 2.3. A non-trivial pro-p-group G is said to be a free pro-p-group if and only if
Proof. Consider the exact sequence 1
used to obtain the homology exact sequence
Also we have the following lemma,
Lemma 2.4. Let G be a pro-p-group such that for any
In particular if the group G is isomorphic to Z p ⋊ Z p , the group H 2 (G, Z p ) is trivial if and only if the product Z p ⋊ Z p is not direct.
Proposition 2.5. Let X is a finitely generated Λ(G)-module. Then X is free if and only if
r −→ X −→ 1 be a minimal presentation of X , which gives the following sequence
The fact that X is a projective Λ(G)-module gives the conclusion. 
we use the Hochschild-Serre spectral sequence
which gives the seven terms exact sequence
,
and it suffices to apply the Pontryagin duality
Proof of Theorem 1.1. Since cd(G) ≤ 2, we have an exact sequence
and from our assumption, Thus
This proposition is an improvement Theorem 1.1 by giving the other implication: Proposition 2.7. Under the hypotheses of the theorem 1.1, suppose that cd(G) ≤ 2 and that 
is without zero divisor (see [Ne] ). If Λ(G) is Noetherian and without zero-divisors we can form a skew field Q(G) of fractions of Λ(G) (see [GW, chapter 9] ). This allows us to define the rank of a Λ(G)-module: Definition 2.9. Suppose that G is p-adic analytic group without p-torsion, the Λ(G)-rank of a finitely generated Λ(G)-module X , is defined by 
On the torsion of some Iwasawa modules. Let Σ be a finite set of places of
ab . We denote Γ the Galois group of the cyclotomic Z p -extension of K. By definition we have the following exact sequence : 
has no non trivial finite sub-module.
We are going to study the relation between Tor Λ(Γ) (X Σ (K ∞ )) which is the projective limit of Tor Zp (X Σ (K n )). The next theorem is necessary to prove some results in the following. 
Proof. Using the structure of Λ(Γ)-modules [NSW, theorem 5.1.10], we have the following exact sequences :
where F is a finite Λ(Γ)-module. By Snake lemma we obtain the following:
it is now clear that Leopoldt's conjecture holds for all K n , n ≥ 0 if and only if divisor of
where γ is topological generator of Γ([Iw, §10]).
A simple calculation of Z p -rank (we recall that the fields K n satisfy the Leopoltd conjecture) and we have that
Passing to the projective limit gives the required result.
The next theorem is necessary to prove some results in the following.
Theorem 2.14. [NSW, Theorem 11.3.5 
In particular, there is an exact sequence of Λ(Γ)-torsion modules
is the decomposition subgroup of Γ at v and G (K∞)v is the absolute Galois group of (K ∞ ) v . [MN] , [MN] , [GJ] [Gra1],... In particular, a number field K is p-rational precisely when the Galois group G Sp (F ) of the maximal pro-p-extension of F which is unramified outside p is pro-p-free (with rank 1 + r 2 , r 2 being the number of complex primes of K). They are first introduced in [MN] to construct non-abelian extensions of Q satisfying the Leopoldt conjecture. Recently, R.Greenberg [Gre] used p-rational number fields for the construction (in a non geometric manner) of p-adic representations with open image in GL n (Z p ), n ≥ 3, of the absolute Galois group G Q . Proposition 2.15. [MN] The number field K is said to be p-rational if the following equivalent conditions are satisfied:
p-rational fields. Number fields
(1) K satisfies Leopoldt's conjecture and
Where for a field F , δ(F ) is 1 if µ p ⊂ F and 0 otherwise.
In the case where K is totally real, it is p-rational if and only if
G ab Sp (K) ∼ = Z p ∼ = G Sp (K).
Examples 2.16. If p = 3 we additionally assume that it is unramified in the first two statements :
( Let ∆ be an abelian group and let ∆ denote the set of the p-adic irreducible characters of ∆. Let O be the ring of integers of a finite extension of Q p , which contains the values of all χ ∈ ∆. For any
where O(χ) denote the ring O on which ∆ acts via χ.
We have the following interesting proposition which is easy to prove in the semi-simple case.
Proposition 2.18. Let p be an odd prime number and K a finite abelian extension of Q such that p ∤ [K : Q], then the field K is p-rational if and only if every cyclic extension of
Proof. It suffices to show the second implication, i.e., if every cyclic sub-extension is p-rational then K is p-rational.
Let ∆ be the Galois group of K over Q and denote ∆ the corresponding group of irreducible character. Let χ be such an irreducible character and let K χ be its fixed field, if ∆ χ = where W is the direct sum of s copy of Z p (1). Since K is p-rational, hence K n is p-rational, by theorem 2.13, we see that
gives that the group G S (K ∞ )) is also Z p -free of rank 1, and hence
the cohomological dimension of G ∞,S is at most 2. It is known that G Σ (K) is of cohomolocical dimension at most 2. Let prove that X is finitely generated as Λ(G ∞,S )-module. S ) is Noetherian, then G ∞,S is of finite presentation. The Hochschild-Serre spectrale sequence applied to the short exact sequence
* is also finite, where * is the Pontrjagin dual. Then by Nakayama's lemma, one has X is finitely generated as Λ(G ∞,S )-module. The field K satisfy the Leopoldt conjecture, then the groups [Ng3] ). By the theorem 1.1 the Λ(G ∞,S )-module X is free if the morphism of restriction Tor Zp G Σ (K) ab −→ G ab ∞,S is injective. We have the following exact sequence
p n is the p-adic compactified of K × and J K is the p-adic compactified of the group of idèles of K. By the class field p-adic correspondence we have the following exact sequence
and note that 
Proof. Using proposition 2.7 and the proof of theorem 3.1 one obtains the desired result.
3.2. Examples. We consider the following field K = Q( √ pq, √ −d) where p and q are two distinct odd primes such that p > 3 and q ≡ −1 (mod p), d be a positive squarefree integer such that p ∤ d and q ∤ d. Suppose that −d is not a quadratic residue modulo p and q. Since p and q are ramified in the field K + = Q( √ pq) there is one prime p above p and one prime q above q. Let ǫ be the fundamental unit of K + . Let S p = {p}, S = {q} and denote 
Example 3.5. Using Pari-GP ([Pari] ) we verified the following example where 3 −14905/62θ+1574. We verify that v p (ε 2 −1) = v q (ε 2 −1) = 1, we have ι 7 (E S ) = ι 7 (< ε 2 >) is a direct summand of U p . Then the Λ(G ∞,S )-module X is free of rank 2 :
Using corollary 3.2 of [Gra2] we give an algorithm for testing the p-rationality of a family of number fields of the form K = Q( √ pq, √ −2), with p and q given as in the example 3.2. The algorithm gives also the primes which satisfy the conditions of example 3.5. In the following table we give numerical evidence for the existence of fields K which satisfy the conditions of theorem 3.4. 
